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Three cheers for Maurice Yadler's, "The Demise of Analytle
Gemetry."l It is encouraging to know that there are those who
yearvfor the "good old days® when the stuff of analytic geometry
wag an important part of the mathematius curriculum. lspecially
when, as Nadler so aptly statesy “...calculus textbooks sometimes
force the exclusive use of calculus techniques when the material
may also reside in the domain of analytic »geometry."a

A review of a random sample of current calculus texts revealed
that all have sections or units on curve sketching. As Nadler in-
dicates, "Many problems of ocurve sketching are amenable to the in-
genulty of the analytic gecnetry approach."3 In support of this
position, wa offer the following ideas and techmniques on curve
sketchlng as further evidence that "analytic geomelry and calculus
cart 1ive peacefully together sids by zs:i,dea."LL

Our aim is to develop methods of sketching various types
of algelwralce functions from an analysis of those portioms of
the (x,y) plane where the curve will be found, and, Just as

importantly, where it will not bs fourd, We iimli our dis-

~ cussion to rational functione of the forn y=£(x)=lléx; » where
CoDx

H(x) and D{x) are polynomial fumctions im factored form with

no ccrmon factors.




Sign Lirnes

Censider the function y = ,{““ﬁ « (9We recognize, of course,
that this second depgree function in x and.y is a simele raectangular
hyperbola and may be easily sketched from this viewpoint, We have
chosen it, however, because it affords an onportunity to illustrate
basic ideas developed here.) The zeros of the mumerator and dsnom-
inator, respectively, are x = =) and x = 3. In Figure 1, we draw a
dotted line, parallel to the y-axis, through each of theas zeros.

Thess lines (x = <1 and % = 3) separzte the (x.y) p‘iane into
three regions, Raeglons I is to the ﬁghtofoB; region IT is
batwesn x = =1 and x = 33 and, region III is %o the left o x = <.
Wa wlsh to examine the behavior of the function in each of these
regions,

We gee that for x > 3, y > 0. That 1s, in reglon I, y ie
positive and the graph _can_rﬁ fall below the x-axis, For
=14 x43,y <O. T.at is, in region II, y is negative ard the
graph cannot fall above the x-axis. For x < =1, y > 0, That 1s,
in reglon III, y is positive and the graph cannot fall below the
x-axis.

Flourse 2 illustrates thesé ideass The shaded portion of each
region represents that part of the (x,y) plane whers ths graph




camot fall. The unshaded portion of each region represents
that part of the (x,y) plane where the graph can fall.
I4 is interesting to note that as we move right to lef®
(or left to right) across the 1ines x = 3 and x = =1, in Fige
ure 2, the rhading alternates with respect te the x-axis. That
is, on one side of the line the shading 1s below the x-axls and
on- the other eids it is akove the x-axis., This is, in fact,
true because the hehavior of y is changing sign from positive
to negative (or vice-versa) as we move from any region to the
adjoining one.
We say that x = 3 and x » =1 are vertical sign lines for
the function. Verticel sign lines are indicated in sketches
by dotted veiriiisl lines labeled vSl.
Definition Is Given y = £(x). If y = £(x) changes eign
at x = a8, then x = a ig a vertical aign line
(vsl) for £(x).
Three important characteristice of & vertical sign ling will

bs of great value in skotching rational functions. First, a ver-
tlical sign line may be determined by finding the zero of an odd
powerad factor of either the mumerator or denominator of £(x).
Second, the shaded portions of the (x,y) plans alternate abovs

and bslow ths x-axle as we move across & vertical sign line.
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Third, if a vertlcal sign line is established by a zero of the
mimerator of £(x), then the intersection of the vertical sign
line and the ie-axis determines an x-intercept of £(x).

Vertical Asymptotes

Rewriting y = x ¢ 1 with x in %terms of y and then writing =
as a mixed emreaaio; )-rieldsx==3¢_2_‘__. An analysis of the
fractional texm in the mixed expmsa{o; ieveals that fory > 1,
x > 3 and x apnroachea 3 from the right as the vertical distance
from y = 1 increases. Also, for y <1, x < 3 and x approaches 3
from the left as the vertical distance from y = 1 increases.
That i8, as [yj-» =© , x 3. (4o observe that we could have
obtained these results by noting that x = 3 is not in the domain
of the function and that y appfoachea positive infinity when x
approaches 3 from the right and y approachen negative infinity
when x approachss 3 from the left.)

" We say that, x = 3 ia a vertical asymptote for the function,
Vertical asymptotes are indicated in sketches by dotted vertical
lines lsbsled wa.

Since x = 3 1s alsc a vertical sign line for the function,
we have alrsady established the behavior of the graph in the
regions of the (x,y) plane determined by ths vertical asymptote

x =3




Definition IIs Giveny = £(x)e If |y|— o= a8 x-—a,
then x = a i8 a vertical asymptote (va)

for £(x).

Three important characteristics of a vertical asymptots will
be of great value in sketching rational functions. First, a ver-
tical asymptote may be determined by finding a zero of the denomw
inator (and only the denominator) of a function. Second, if a
vertical asymptote is a vertlcal sign line (x = & 18 a zero of
an odd powered factor of the denominater), then the shaded por-
tions of the (x.y) plane alternate above and below the xeaxis as
we move across the vertical asympiote. Third, the graph cf a
function will approach (but never touch) one or both extremities

of a vertical asymptote.
Horizontal, Oblique, and Curvilinear Asymptotes

Writing y = x + 1 as a mixed expression ylelds y =1 ¢ L .
X =3 ® =3
In Flgure 3 we draw a dotted line parallel to the x-exis through 1

(the integral expression in 1 ¢+ L ) and a dotted line parallsl
x <
to the y-axis through 3 (the zero of the derominator of ths frac-

tional texmin i + L ).
X =3
An analysia of the fractional term in the mixed exprassion
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reveals that for x 73, vy > 1 .and y opproactes 1 from above as
the horivontal distance from x = 3 increases. Also, for x £ 3,
¥y £ 1 and y approaches 1 from below asz the horizontal distance
from x = 3 increases. That is, as [l -0 , y > 1,

Je say that y = 1 is a horizontal asymptote for the lunction.
Horizontal asymptotes ars indicated in sketches by dotted horizone
tal lines lsbeled ha.

We can analyze the bzhavior of the function with respect to
the horizontal asymptote. As noted ébove, forx 73, yo 1.
That is, for x 7 3 the graph of the function camnot fall below
the line y = 1. Alsg; for x <3, y £ 1, That i8, for x< 3 the
graph cannot fall above the line y = 1, This analysis shedsaddi-
tional information on regions of the (x,y) vlane where the graph
of the function can or cannot fall,

Figure h illustrates the behavior of y with respect to the
horizonta) asymptote y = 1. The shaded portion of each region
represents that part of the (x,y) plane where the graph cammot
fall. 7he unshaded portion of cach reglon represents that part
of the (x;y) plene whers the graph can fall,

It is interesting to observe the similarity between the
vertical sign line notion and the bshavior of the function with
respect to the horizontal aéymptotec If x = a is a vertical




sign line, y = £(x) changes sign frem positive to negative (or
negative to positive) at x = a. “ur discussion for the hori.
zontal asymptote reveals that y = £(x) changes from greater than
1 %0 less than 1 {or less than 1 to greater than 1) at x = 3, ‘e
can think of x = 3 as being a sign line with respect to the hori-
zontal asymptote, ¥y = 1 = 0. That is; y = 1 changes sign at x = 3.
Thus, x = 3 is a vertical sign line with respect toy -~ 1 = 0; and,
vice-versa, y = 1 is a sign 1ine with respect to x - 3 = 0,

The line x = 3 saeparates the (x,y) plane into two regions.
One reglon 1s the right of x = 3 (and above or bslow y = 1) and
the other region is to the left of x = 3 (and above or below
¥y = 1), As we move right to left (or left to righv) across the
line x = 3 in Figure Y the shading alternates with respect %o the
llrey = 1.

d@ have obtained infommation on the behavior of the graph of
the function in our analysis of the vertical asign line (Figure 2)
an in our analysis of the horizontal asymptote (Figure k). We
novw cazbine this information in one sketch in Pipure 5. As bafore,
the shaded portions of the {x,y) olane indicate where the graph
cannot £31l. Horizontal (right-lef't) shading represents those
portions of the plane wheras the graph cannot fall as revaaled by
an analysis of the vertical algn lines with respect to y = 0.



Vertical (up-down) shading reoreszents those additional portions
of' the plane ~Yere the graph cannot fall as revesled by an ana-
ly=zis of the sign line with respect to the horizontal asymptoie.
Nefore defining the horizcntal asymptote, we note that the
integral expression iny =1 + 4 is a constand and the
agymptote, therefore, is of thexi‘;rm y = b (a constant), This
will not always be the case; Dape}zding upon the rational func-
tion under consideration, the integral expression may be a
higher powered function of x rather then a constant. e do not
prasent a d:lsgussion of such asymptotes at this time but includs
tham in the definitlon and present some 11llustrative examples
later in the narer, _
Définittlen IIIs Given y = £(x). If y —»g(x) as (x| - o=,
then y = g(x) is an asymptote for £(x). e
call g(x)s
a) a horizontel asymntote (ha) if g(x) = b

(& constant).

b) an oblique asymptote (ca) if gix) =mx ¢+ b

{mn # 0) and,

¢) a curvilirear asymptote (ca) if the greph
of y = gg(x) 15 not & straight line.

10




Four immortant characteristics of a horizontsl asymptote (and,

similarly, oblique and curvilinear asymptotes) will be of great
value in sketching rational functiona, Mirsty a horizontal
asymptote msy bs determinsd by writing £(x) as a mixed expression.
If the integral expreseion(in the mixed expression) is a constant
b, then y = b will be the horizontal asymptote. Second, the
graph of a function will always aopreach (but never teuch) the
extremities of the horizontal asymptote. Third, an analysis of
the fractional term in the mixed expression sheds addition=l
1ight on reglons of the (x,y) plane where the granh can or can-
not fall., Zeros of odd powered factors of the fraction estab-
1ish sign lines with respsct to the horizontal asymptote, y = b.
The shaded portions of the (x,y) plane alternate above and below
the asymptots us wa move across thesa sign lines. Fourth, if a
graph crosses its horizontal asymptote, the intersection of the
graph and the asymptote ie easily determincd by finding a zero

of the numerater of the fractional part of the mixed expression.

Intercepts

A serious discussion of intercepts sesms unngeessary. This

tople 18 covered well in mathematles literchure.

11
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Definition IV: Given y = £(x). If y = O when x = a, then
x = a is an x-intercept of £{x).

Definition ¥+ Given y = f(x). If y ~ b vhen x = 0, then

¥y = b is a y=intercept of £(x).

As we noted earlier the intersection of a vertical sign line,
that is not also a vertical asymptote; and the x-axis determines
an x~intercept for f£{x).

For the function y = x + 1 , =1 is the y-intercept and, =1
is the x-intercept. Intex:e;ta are gnd:lca’oed in sketches by dots
or the appropriate axes.

The Sketch

Now, using Figure 5 and our lmowlaedge of sign lines, asymptotes,
and intercepls, we are able to easily sketch y = xtl. It i3 not
our intention to produce exsct graphs of ﬂmcticn::: We are cone
carned only with nrdsenting freechend sketches that accurately ra-
flect the behavior of the function.

Figure 6 presents the completed sketch for y = x#l. In actual
practice the sketch is nmads region by rogion. Tor e:;?xple, in
region I of Figure 6 (to the right of x = 3) we know that the

a50ve,

curve must apnroach fromthe far right extremity of the horizontal

12
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asymptotes Ale., the curve must anproach the upper extremlly of
the vertical asymptote as we approach x = 3 from the right. There
is but one way that these conditions may be satlsfied and the re-
sult is the branch of the curve drawn in region I.

Similarly, in reglon II we know that the curve must pass
through the intercepts and approach the lower extremity of the
vertical asymptote as we approach x = 3 from the left. Again,
there is but one way that these conditions may ba satisfied and
the result is the branch of the curve drawn in region IX. In
region III the curve must approach from below the far left ex-
tremity of the horizontal asymptote. This condition msﬂ.w in
the branch of the curve drawn in region III.

Before expanding upon the techniques ahove, w8 present an-
other example to focus atteniion on the simplicity of sketching
rational functions by means of sign lines, asymptotes, and inter—
capts. Consider the function y = (x#1)(x-1), The step-by-step
procedure outlined below leads quiclﬁ;zr timghe sketch in Figure 7.

1., Draw the x and y axis.

2. Identify the v,ei'tical sign lines by finding zeros of odd

powered factors of the mmerator and denominator of the
function., In this case, x=l, x==1, x=-2, and x=3 are the
vertical sign lines,

13



3.

e

Se

6.

7.

12

Tocate and labsl the wertical sign lines by drawing

dotted lines through the zeros and writing vsl beneath
the lines.
Shade the reglons of the (s,y) plane where the graph can-

not fall. Testing one ragion of the plane, x 3=y > O,
we sea that to the right of x = 3 the portion below tha
x~-axis should he shadeds Remembering that on either side
of a vertical sign line the shaded repions alternate
above and belsw the X-axds, it is a sirple matter to
sltermnats ocur shading in the remaining regions of ths
plane,

Identify the vertical asymptotss by finding zeros of the

denominator of the functior., In this case x==2 and x=3
are vertical asympto‘beé.
Label the vertical asymptotes by writing va beneath the

lings xw-2?2 and x=3.

Identify other asymptotes by writing the function as a

mixed expression. y = {x*l%ix-lg a1 + (x+5) « In
_ x+2)(X=3 (x#2 7 (%=3]
this case y=<l1 is the horizontal asymptote since 1 is the

integral expression in the mixed expression. (We obscrve
that still another way to identdfy the horisontal asyrr_:ptote
is to0 examine the qixoﬁ:lent of the hlphest degresd terms in
the mmerator and dencminator of f(x).)

14



8.

9.

10.

13

Locate and label the horizontal asymptote by drawing the

dotted line y=1 and writing ha beside it.

Shade the additional rerions of the (x,y) plane where the

graph cammot fall. Findlng zeros of the numerator and

denominator of the fractional iterm in the mixasd expression
yol+ xf;S — reveals that x==5, x==2, and x=3 are
sign lines with respect %0 y=l. Testing one region of
the plane x 7 3 =y » 1, we sce that to the right of x=3
the portion below the lire y»l should be shaded. Remem=
bering that on either side of 2 sign line the shaded ra-
glons alternate above and helow the horizontal asymptots,
it is a simple matter to alternato our shading in the re-

maining regions of the plane. A nots of cautions Be

‘careful not to confuse the sign lines x=-5, xw=2, and

x=3 with the vertical sign lives for £(x). The shading
with respect to the asymptote alternates only as we cross
¥X=mab, xue2, and x=3, W surgest that these vertical sign
1ines be labeled vsl at the top of the dotted lines. This
will help avold confusing the two sets of sign lines and
vertical sign lines.

Identify and locate points of intersection for the graph

and the horizontal asymptote by finding zercs of the

15
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nurierator in the fractional part of the mixed expression
yel ¢ x+5 s In this case x=-5 is the only such
ZEX0. T;:f'ef::;e, (<5,1) is the only point of intersection.
e locate (-5,1} by placing & dot av the appropriate point
in the plane.

). Identify and locate the x-and-y-intercepts. In thls cass

the y-intercept is % and the »-~intercepts ara -1 and 1,
Je locate the intercepts Ly placing dots at the anproe
priate placae on the axes.

12. ldentify and locats relative hirh and low points of f£(x)

by solving for x as a function of y and observing that

| the discriminant cammot be negative for real values of x,

That is, y2 o I(y-1)(1<6y) 2 U, The high and low points,

respectively, are (~S+21%, 'i‘.::.‘ﬂ@) el (=5=3V, '-‘%'—i@ .
28 5

e locate these points by placing appropriate dots in the

i plana,
13. Sketch the curve region by region.

Tangent, Carrlers

To complete our methods and techniques for sketching ratioral
functione, consider, first, the function y=(x-3)eo s sea that

16



x=3 is a zero of the mmerator and, as discussed earlier, drawing
a dotted line through x=3, parallel to the y-axis, would separate
the (x,r) plane intc two regionst one Lo the right of x=3 and
the other to the laft of x=3.

Forx 73, y> Oand for x <3, y>» O. That is, for x » 3
the graph of the function cannot fall below the x-axis and, sime
1larly, for x <3 the graph cannot fall helow the x-axis. Figure
8 11lustrates this analysis,

As one might expect, when we move right to left (or left to
right) across the line x=3 the shading in the (x,y) plane does not
alternate above and below tha x-axis, Instead, the shading remains
the same -~ above on both sides or bslow on both sides of x=3,
This 1s the case because y= (x=3)2 is a parabola tangent to the
x-axis at x=3,

Here we say that x=3 is a tangent carrier on y=0 for the
function., Tangent carriers are indicated in sketches by dotted
lines labeled tc.

Definition VI: Given y=f(x)s If £(a)=0 and £(x) does not

change sign at x=a, then x=a 28 a tanpent
carrier (tc) on y=0 for f(x).

Four important characteristics of a tangent carrier will ba
of grest value in sketching rational functicns. First, a tangsnt
carriey may be determined by finding a zero of an even powsred

17




16

factor of the mumerator {znd only the numerator) of the functlon,
Second, the intersection of a tangent carrier and the x-avis de-
termines an x-intercept of the function, Third, with respect to
the x-axis, the shaded vortions of the (x,y) vlane remain the
same on hoth sides of a tangent carrier. Fourth, if £(x) can
be written as a rmi:ed expression, additional information may be
obtainined on regions of ths (®,y) plane whers the graph can or
cannot £211 (as explained earlier). A zero of an even powered
factor of the nurerator (and only the numerator) of the frac-
tional part of the mixsd exprzssion establishes a tangent carrier
 withi respect to the horizontal asymptote. The shaded porticns of
the (x,y) plane remain the some on hoth sides of a line which is
a tangent carrier with respect to the horizontal asymptote.

In Figufe 9 ws present a completed sketch for y= (x~3)2.

Asymptotic Tangent Carriers

Consider the function y-(,?‘:_,',h o 48 see that x=3 i3 a zero
of the denominatoy and, as dlscusssd earlier, drawing a dotted
line through x=3, parallel to the y-axls, would separate the (x,y)
plane into two reglons.

Forx 73, ¥y 70 and for x £ 3, y 70, That is, for x 7 3

18
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the graph of the function cannot fall below the x-axis and, simie
larly, for x<£ 3 the graph cannot fall helow the x-axis.

This analysis 18 identical %o that given for the tangent
carrier. However, since x=3 is a zero of the denominator it
is alsola vartical asymptote. Consequently, the graph of the
function doas not pass through the point (3,0). ‘That is, the
curve is not tangent %o y=0 at x=3 and xﬂj is, therefors, not
a tangent carrier. “ere we say that x=3 ig an asymptotic tan-
gent carrier. Asymptotic tangent carriers are indicated in
sketches by dotted vertical lines labéled atc.

Definition VII: Given y=f(x). If f(a) is undefined and

£(x) doss not change sign at x=a, then
x=a is an asymptotic tangent carrier (atc)
for £(x).

Three important characteristics of an asymptotic tangent
carrier will be of great value in sketching rational functions.
First, an asymptotic tangent carrier may be determined by finding
a zero of an evsn powersd factor of the denominator (and only the
denominator) of the function. Second, the graph of a functiom
will aluays approach from both sides (but never touch) ous ex-
tremity of an asymptotic tangent carrier. Third, the shaded
reglons of the (x,y) plane remain the same on both sides of an

asymptotio tangent carrier.

19
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{
Figure 10 presents a ccmpleted sketch for y =&,’;,» o HNote
that y=0 is a horizontal asymptote for the function since y-% 0

as ‘x“'& vO .
Sumrary

Prior to illustrating the flexibility of the above techniques
for graphing various rational functions, we present a summary of
the ideas and methods discussed. These points should enable readers
to syntheslse the noti.ons of sign lines, asymptotss, tangent carriers,
and asymptotic tangen’ carriers.

Lot ynf(x)-%u glx) + g_é_:%, where N(x) and D(x) are polynomial
functions of x uit; ne common f::cbors, g(x) is a polynromizl function
of x, and R(x) and D(x) are polynomizl functions of x with no common
factors. Let n be a positive integer in each of the following cases:

1. If (x-2)™7T 15 a factof of M(x), then xva is a vertical

gipn line and an x-interceptof £(x).

2. I (x-a)®®?1 35 a factor of D(x) » ther x=a is a vertical

sign line and a vertical asymptote of £(x).

L I (x--a.)zn is a factor of N(x), then x=a is a tangent

carrier on y=0 and an x-intercept of f£{x),

20
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he If (x—a)2n is a factor of D(x), then x=a 18 an asymptotic
tangent carrier that is not a sign line for £(x).

S5 If 3 g(x) asjd =22 , y=g(x) is a horizontal, oblique,
or curvilinear asymplote of f(x).

6, Similay commentis may be made coneerning sign lines and
tangent carriers (obtained from %{_)ﬁ%) with respect to
y=g(x). i

7. If it is possible to express the function for x in terms
of y additicnal information about y=f£(x) may bs obtained.
Using the quadratic formle, restrictions on the rangs
may be obtained by noting that the diseriminant cannot be
negative. Also, an analysis of non-vertical sigm lines
(see footnots 5) may shed additional light on regions of

the (x,¥) plane where the graph can or cannot fall.
Some Intevssting Sketches

The limitations of space prevent an extensive explanation of
the anpiication of the above techniques to the sketching of rational
functions, However, for the reader who may wigh to use these teche
niques, we inciude below ccmpleted sketclios of some interesting

ratioml functions used in ocur classes.

ERIC 21
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Figure 11 {llustrates a function that has a tangent carrier
and an asymptotic tangendt carriers

Figure 12 illustrates a function for which the relative high
and low polnis may be found by using the (uadratic formula. The
ralative high and low polnts are, respectivsly, (1,1) and (:%,9)0

Figure 13 illustrates a function (hyeeibola) thai has an
oblique asymptote, y=z+5, The relative higl and low points of
the function are, respectively, (-h,0) and (.2,h).

Figure 1l illustrates a function that ha: a curvilinear
asymptote, ynxa.

Pigure 15 illustrates a function that crisses iis hori-
sontal asymptote, at (2,1). The relative hi:zh and low points
of the function are, respectively, (0,0) and (L, 8).

Mmure 16 illustrates a function that s a St;,a.ngex'ﬁr. currier
on a line that is not an asymmtote or the x-1xls, the line y=2, and
which hag point symmetry, about (0,1). The following analysis may
be helpful in recognising that x=1 is a tangint Garrier om y=2.

|+ 2% = 2d 2K L) A e (X-1)>
Y x;ﬂ"&’”‘! Sl YrTa (‘Fﬁ‘

Figures 17 and 18 illustrate, visually, Lhat the techniques
discussged in this paper have further anplicat.ons and may be
anplied in the sketehing of variocus multi-valuyd functions,

22
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Solving Inequalities By Curve Sketching

There seems to have been a magic for us in the Uctober, 1969
Mathematica Teacher. Hadler's siticle spurred us on to put down
on paper the ideas and techniques that we have been using in the
classroom. Admlttedly, another article, Henry Frandsen's “The
Last Word on Solving Inequalitias,"?in the same lssue of the
Mathematics Teacher, had a similar effect.

Frandsen'e hypothesis, "The final technique (referring to
nethods for problem solving) to be emphasized should be the most
officient one that con be made avallable to the students at their
particular levol."eia an excollent one. He presents an interesting
techniqus for solving inequalitiss, and concludes that, "The sim-
plicity of this method makes 1t a candldate for 'the last word'! in
any unit on salving 1nequa11tias."9

We quite agres, However, it is our bhelisf that a technique
is truly veluable vhen, with efficiency, it sroduces maxlmum
understanding and possesses numerous acditional anplications, If
we want students to think about where functions inerease, decrease,
or reach relative maxima and minima, then by all means let ue
show them, visually, what it is we ars talking sbout.

For this reason we advocats the use of sign lines, asgyrpilotes,

and tangent carriers in the solution of inequalities. As illustated

23




22

by the example below, these techniques anable ths studsnt who
solves an inequality to see the behavior of the function, Addi-
tionally, these techniques are very useable in the sense that
whenever sketches of rational functions are desired, the methods
discussed in this peper will be of value.

As our exemple of the use of curve sketching in the solution
of inequalities, we use the problem discussed by Frandsen in hig

artdcle. That is, solve (xalz(_x*e)sx-*?l < O
{2x+1) (x)(x=~2) ~

To obtain the solution of this inequality we graph the
function y= éx—l%ﬁm?)(x«-gz. Certain steps in our procedure
‘have been elim;.:;nteﬁ ir:ald.ng the sketch because they provide
information not absolntely mecegsary for Jetermining the be-
havio» of the function. If the reader refers back to the section
of this paper headed "The Sketch)! it will be obvicus which steps
have been eliminated in arriviung at the sketch presented in Figurs 19.
From tha sketch in Figure 19 we may readily determine the values
of x for which the function is negative or zerc. wWe meed only look
for those places where the graph of the functien is bslow or on
the x-axig. These values of x arer =32 x£ =2, -ds¢ x < O, and
1<% x4 23 and in fact; are the solutions of the inequality
{k-1)§x+2)(x+3) 4 0, 0f course, it is actually not even necessary
to grapl,i t;; function to solve the inequality since ths shaded re-

gions alone will indicate where it is vositive or negative.
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This method can We used to find the soluticn set of any in-
equality involving N(x), where N(x) and D(x) are algebraic func-

I{x
tions in factored fumm

Conclusion

We would like to acknowledge here the work of Dr. Howard
Fehry, Teachers® Collsge, Columbia University. Many years ago
one of the aithors was a student in a graduate mathematics
course whers Dr. Fehr introduced the ideas of sign lines,
és;rmptotef » and tangent carriera, Our work is based upon the
ideas nrv.gented by Dr, Fehr, Ye have developed the methods and
tochnig.es in such a way as to make them applicable in the seconds
ary machematics curriculum at every lewsl from algebra through
caleviuge

In a 1951 text for college seniors ard graduate students,

' 10
Serondary Mathematics: A Functional Avproach for Teachers, Dr.

Feiir included a brief chapter on "Curve Tracing.¥ He stated,

*The method of curve tracing presented here is not imtended for
11
the vegular high school course...' and concluded the chapter

by posing the question, "What values has this method of curve

12
tracing in the study of differential calculus in collegs?"
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We have found these technlques to be very valuable for cal-
culug studenta. Often, they enhance the insight provided by the
calculus. However, an sven greater value for these techniques
can be found im their practical and useful application in the
secondary classroom. They have besn tested by actual classroom
use, at every level from algebra through calculus, with ex-
cellent results, We offer for the readerts conslderation some
of the advantuges we fesl can be dervied from the use of sign
lines, asymptotos, and tangent carrisre im the secondary curri-
culume

1. They require a mastery of fumndamental algebraic skills.

Operations such as factorimg, sirmplifying algebraic
fractions, working with mixed rational expressions,
golving linear and quadratic equations and irsgqual~
itiss, and use of the quadratic formila ars fundamental
in ths use of the techniques.

2. [They require some thought and analysis. The processes
ars not entirely antomatic, and the student is avle to
dovelop insight and analytical skills through practice
and experience.

3. They bring into focus some practical uses for basic al-

gebraic skills. Many computational and manipulative

aldlis, previously acquired by students, often appear .
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to be of dublous valus. The methods of curve sketchimg
afford an opportunity to dexnonstrate practical appiica-
tions for such skills,

They introduce ideas and sidlls often not studied until

the calculug. When students are able to grasp advanced
concepts, the advantage of imtroducing such materdal
prior to the study of calculus is cbvious, Among the
ideas that these techniqeus bring to the student's
attention are: increasirg and decreasing functions,
maxdma end minima points, domain, range, and limits.
Thoy may be presented a8 2 new unit of study or they

nmay serve as a review of vreviously studled material.

The techniques may be used an an wwsusl and unique
appgroach to reviewing the fundamental skills of algebra
and the studsntis knowledge of linas and conic sections;
cr, the material can be used to initiate the analytic
study of functions.

Thax serve as an ususual motivational tool for clessrocn

use. Students at every level find the materiel different,
interesting, and entertaining.

They enable students to solve many curve sketching proe=

blems such as those fourd on the advanced placement test.

27
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While this is certainly not an end im itself, it doss
indicate thait perhaps this aspect of the study of cale

culus can be imtroduced earlier in the curriculum,

Footnotes

1
Maurice Nadler, “The Demice of Amalytic Geometry," The

Mathematics Teachey, LXIY {october, 1969), LL7-L52

iibid-p Ps 1,50

ibid
4

ivdd

5 .
There are additional portions of the (ir,y) plane where it

can be determined that the graph of the fumction does or doss not

fall, Rewriting y= 5_4% as = 3y+] Introducass the motion of hori-
X-. Yl
zontal sizn lines. In thls form, we see that, with respect to x=0,

y==1 1is a horiszcntal sign line aud y=l is a horigzontal siga line
3
as well as a horisontal asymptots.

Our initiel restriction on y=f(x) mreciudss such cases as y= x

and y=x , These do satisfy the condition stated im this definition

but do not have x=0 ac a tangent carrier,

7Henry Frandsen, "The Last Word on Solving Inequalities," The

Mathemntics Teacher, LXII (October, 1969), L39<hll.
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8
ibid, p. L39

9
ibid, p. Wi
10

Hovard F. Fehr, Secondary Mathematics: & Functional Approach

for g‘eachem, (D.Cs leath and Company, 1951), “hapter 5.
2 :

ibid’ Pe 88
12
ibid » Do 93
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